Recent advances in twistronics of low-dimensional materials, such as bilayer graphene and transition-metal dichalcogenides, have enabled a plethora of unusual phenomena associated with moiré physics. However, several of these effects require demanding manipulation of superlattices at the atomic scale, such as the careful control of rotation angle between two closely spaced atomic lattices. Here, we study moiré hyperbolic plasmons in pairs of hyperbolic metasurfaces (HMTSs), unveiling analogous phenomena at the mesoscopic scale. HMTSs are known to support confined surface waves collimated towards specific directions determined by the metasurface dispersion. By rotating two evanescently coupled HMTSs with respect to one another, we unveil rich dispersion engineering, topological transitions at magic angles, broadband field canalization, and plasmon spin-Hall phenomena. These findings open remarkable opportunities to advance metasurface optics, enriching it with moiré physics and twistronic concepts.
Recently, moiré superlattices have been successfully demonstrated in bilayer or hetero-bilayer two-dimensional (2D) materials, in which one layer is rotated with respect to the other, unveiling phenomena such as flatband superconductivity at a magic rotation angle 1 and atomic photonic crystals 2, 3 in twisted bilayer graphene, topological excitons in stacked transition-metal dichalcogenides 4, 5, 6, 7 , and more 8, 9, 10 . The rich physics behind these discoveries is governed by the mediation of carrier potentials through van der Waals interactions and interlayer hopping energy between tightly coupled atomic lattices. Such interlayer coupling, as well as the hopping energy, are strongly dependent on the atomic lattice arrangement and thus, once rotated with respect to another, the moiré periodic pattern and its associated electronic bandstructure support significantly different electronic properties from those of each individual monolayer. The strong dependence on the rotation angle has opened the emerging research direction of "twistronics" 10 . Since the lattice constant of each monolayer is in the atomic scale range, interesting effects are achieved for very small rotation angles, producing moiré periodicities at larger scales. This requirement hinders practical opportunities in the context of moiré physics. Inspired by the twistronic concepts, we explore moiré hyperbolic metasurfaces (HMTSs) with significantly larger lattice granularity, which implies a broader range of relevant angles for which interesting phenomena can arise. The larger periods allow engaging not only the electronic bandstructure, but also photonic dispersion engineering.
Optical metasurfaces have been widely studied in recent years as the planarized version of metamaterials. Multiple anisotropic metasurfaces, stacked to form compact multifunctional metadevices, are typically designed with the goal of minimizing the coupling between adjacent layers 11, 12, 13, 14, 15, 16 , which drastically helps the design. However, near-field interactions of closely spaced metasurfaces open new opportunities, as we show in the following. In particular, we explore moiré metasurfaces obtained by stacked uniaxial metasurfaces supporting highly confined hyperbolic plasmons. The hyperbolic dispersion of HMTSs forces plasmon polaritons to propagate in collimated directions. In turn, this feature provides opportunities to control the evanescent coupling of two closely spaced HMTSs through the mediation of the rotation angle between them.
Our explorations reveal the possibilities of dispersion engineering of the plasmon propagation in these structures, hyperbolic-to-elliptical topological transitions 17 at a magic rotation angle, flat band features with low-loss field canalization and tailored chirality. These findings extend "twistronics", topological bandstructure engineering and moiré physics to the domain of metasurfaces, making it relevant for the broad class of photonic devices.
Moiré metasurfaces
HMTSs are planar patterned surfaces that support in-plane propagation with hyperbolic dispersion.
They combine the unusual features of hyperbolic metamaterials, such as broadband enhancement of local density of states, canalization and sub-diffraction imaging and negative refraction, with the advantage of supporting these exotic phenomena over a surface, not in the bulk, hence with more resilience to loss and easier accessibility. HMTSs have been demonstrated in several material platforms, from silver gratings 18 , nanostructured van der Waals materials 19 , graphene nanoribbons 20 , black phosphorus, 21 and other 2D materials 22 . In this work, we consider densely packed graphene nanoribbons as the platform of choice, but other metasurface geometries may be equally viable, as a function of the wavelength range of interest. A sketch is shown in the inset of Fig. 1a , where each graphene strip has width W and an air gap G separates neighboring strips. We assume deeply subwavelength periodicity = + ≈ 0.005λ 0 , where λ 0 is the free-space wavelength, so that the metasurface response can be homogenized with the effective surface conductivity tensor 23
� is the effective strip conductivity taking into account near-field coupling and nonlocality, is the pristine graphene conductivity given by the Kubo formula 24 , ω is the radial frequency, and ɛ0 is the free-space permittivity. Here, and are defined perpendicular and parallel to periodical directions, respectively. In the hyperbolic regime, the metasurface acts as a metal for one transverse field polarization (Im[σαα]>0) and as a dielectric for the other one (Im[σββ]<0). The field distributions (Ez) and dispersion bands, obtained as the Fourier spectrum of the field excited by a broadband z-oriented dipole simulated using a full-wave commercial software, are shown in Figs. 1b-c, which indeed demonstrates collimated field profiles.
We can then form a moiré HMTSs by coupling two identical HMTSs, as sketched in Fig. 1a , separated by a dielectric gap of width d. The rotation angles θ 1 and θ 2 between the principal direction of each metasurface and the x direction determine the nature of the moiré metasurface.
For simplicity, we assume the background and spacer materials to be free space, but asymmetric backgrounds can be easily captured generalizing the formulation in this work.
The moiré metasurface dispersion can be evaluated by finding the poles of the dyadic Green's function of the system 25 . We need to consider the complete set of both transverse-electric (TE) and transverse-magnetic (TM) modes, since they couple together due to the anisotropic nature of HMTSs and the rotation between the two surfaces. The dispersion equation is
Here, 2 = 0 2 − 2 is the z-component of the wavevector in vacuum, associated with the in-plane The off-diagonal elements B, C model the coupling between them. C goes to zero as d grows to infinity and the two HMTSs become uncoupled. 
Topological Transition Magic Angles
Graphene metasurfaces enable a large degree of tunability via chemical doping of the hyperbolic dispersion 20 . Here, unless otherwise explicitly stated, we fix the Fermi level to 0.4 eV and choose the other geometrical parameters to be P=50nm, W=30nm, and θ1=0° throughout the work. To study the effect of stacking, we first study the simple scenario of twisted bilayer nanoribbons with θ2 = 90° and d=10nm. Fig. 1d ,f show the field distribution at 20 THz and 40 THz, with isofrequency contours given in Fig. 1e ,g. An excellent agreement between numerical and analytical results is observed. Despite the hyperbolic nature of the two surfaces when isolated at both frequencies, the moiré stack supports elliptical contours at 20 THz and hyperbolic ones at 40
THz, hinting to exciting opportunities of dispersion engineering enabled by stacking.
To thoroughly explore these effects, Figs. 2a-b show the isofrequency dispersion curves for moiré HMTSs considering different rotation angles at 20 THz and 40 THz, respectively. To a very good extent, we can predict the overall response of the stack as the superposition of the dispersion of the individual metasurfaces suitably rotated one from the other. At the points in which the two hyperbolic bands intersect, we find peculiar anti-crossing features in the isofrequency contours.
The anti-crossing is visible also in full-wave simulations, even though the high-k branches are poorly excited by localized emitters, as seen in Fig. 1e from the weak hyperbolic branches in the corners. We observe that at 20THz and θ2=60°, as well as θ2=90° (consistent with Fig. 1e ), the close interaction of the two surfaces forms a closed dispersion band at small k values, which however opens and becomes hyperbolic for θ2=30°, experiencing a topological transition near 45⁰.
The closed small-k branch corresponds to a hybrid TE-TM mode, and it does not arise at 40 THz, regardless of the rotation angle. Such topological transition is the analogue of a Lifshitz transition in electronic bandstructures 26 , playing a crucial role in the physics of Weyl and Dirac semimetals 27 .
In optics, this phenomenon has been predicted in graphene hyperbolic metasurfaces and it can be unveiled by tuning the chemical potential, 20 or sweeping the frequency 17 . Our findings suggest the opportunity of inducing topological transitions for fixed frequency and bias by tuning the rotation angle of two HMTSs. Fig. 2a and more details in Fig. S3 ), indicating that the surface plasmons in this regime are canalized and propagate at a fixed direction. Our full-wave simulations also confirm this transition behavior in a realistic double-layer structure of graphene nanoribbons, Fig. S8 and Fig. S9 .
Broadband Field Canalization
Since the discovery of hyperbolic metamaterials, flat band dispersion has been one of the particularly appealing properties of this class of materials, ideally suited for imaging purposes, as it allows to canalize the fields along the desired direction without diffraction, known as field canalization 28 . Hyperlenses for subwavelength imaging 23, 29 and spontaneous emission rate enhancement 20, 23 have been proposed in this regime based on various platforms, e.g., capacitivelyloaded wire media 28, 30 , where the band flattens at the vicinity of band edges associated with zero group velocity, or HMTSs working at the condition of extreme anisotropy, such as conductivitynear-zero regimes 20, 23 . However, these implementations only work at specific frequencies, and the damping near resonance significantly hinders their performance. In contrast, our results reveal the possibility of broadband flat dispersion in moiré metastructures out of resonance, owing to the controlled coupling of two HMTSs.
In order to prove this opportunity, we study the dispersion in the frequency range supporting four anti-crossing points, and we focus on ∆θ = 90°, Fig. 3a . As discussed above, the evanescent coupling induces band splitting and it results in a flattened small-k branch due to the hybridization of TE and TM modes supported by the two HMTSs. At 15 THz, the isofrequency contour is circular, consistent with the TE mode of individual HMTSs. However, as the frequency increases to 20 THz and further to 28 THz, the dispersion flattens over a broad bandwidth. Such peculiar dispersion ensures that the Poynting vector and group velocity have fixed directions, independent of the wave number 31 . As a result, the field propagates towards the four directions perpendicular to the dispersion lines. Interestingly, these features arise far from the resonant frequencies of individual HMTSs usually associated with increased absorption. Thus, we can expect low-loss propagation of these canalized plasmons in our moiré hyperbolic metastructure.
To demonstrate this feature, we present full-wave simulations of the moiré structure in Figs. 3b-c.
We observe an excellent agreement between analytical (green line) and numerical results (contour plot), Fig. 3b . The associated Poynting vector plotted in Fig. 3c indicates field canalization along
x and y, perpendicular to the dispersion, as well as propagation distance five times longer than the plasmon wavelength (2π/kρ). The high-k branch, in contrast, is largely confined and poorly excited by a localized source in our full-wave simulations. Supplementary sections 4 and 8 show additional full-wave simulations of a realistic double-layer graphene nanoribbon metasurface, highlighting the broadband response of these phenomena. Overall, we find that the peculiar physics of the moiré metasurface enables unique dispersion engineering for broadband plasmon canalization. 
Spin-Orbit Interactions
Another remarkable opportunity of moiré metasurfaces is the emergence of spin-orbit interactions driven by the rotation angle. This response is analogous to the electron spin-orbit interaction that leads to valley degrees of freedom in twisted bilayer transition metal dichalcogenides, as a function of the symmetries governing the local atomic registry and the rotation angle 8 . Photonic spin-orbit interactions are of fundamental importance to realize multifunctional metadevices 18, 32, 33 , working in near-field 34, 35, 36 and far-field 10, 37 . Of particular interest are near-field interactions of a circularly polarized dipole close to an interface, enabling unidirectional launching of plasmons at metaldielectric interfaces 38 and the plasmonic spin-Hall effect in HMTSs 18 .
In our geometry, we can analyze the chirality of the field distribution analyzing the eigenmodes of the system, which consist of hybridized TE (a2) and TM (b2) modes:
for individual HMTSs, and
for moiré hyperbolic metastructures with 90° rotation angles. Here, = = � 0 2 − 2 , X αα = Im( ) and X ββ = Im� � . The coefficient � , i.e., the complex ratio of the y-and zeigenmode components measures its chirality. In the lossless case, � is purely real since kx and ky are real. As seen in Eq. 3, the eigenmodes indeed carry different out-of-plane chirality, which can couple selectively to circularly polarized emitters. As an example, we use a circular-polarized dipole to excite the individual HMTSs and the moiré metastructure at 25 THz, Fig. 4a . The dispersion of individual HMTSs and the moiré metastructure are shown in Fig. 4b , with colors indicating the degree of chirality encoded in � , as the eigenmode evolves along the contour lines. The modes at ky > 0 mostly couple to � +, while the modes at ky < 0 majorly couple to − � +, both for the individual HMTSs and for the moiré stack. This result ensures that we can endow the dispersion engineering schemes described in the previous sections, including the flat band properties, with strong spin-orbit coupling stemming from the HMTSs. To verify our analysis, we performed full-wave simulations for an � +̂ dipole excitation placed 70 nm above the moiré stack. The field distribution for individual HMTS and of the moiré metastructure are shown in Figs. 4c-f. For the individual HMTS, the plasmons selectively propagate towards the positive y-direction, with two energy flux channels following the two hyperbolic branches. In the moiré metastructure we observe similar selectivity in polarization, but a drastically modified dispersion diagram. In Supplementary Section 7 we discuss also the peculiar energy flow for chiral sources polarized in the other plane, ± � +.
Discussion and Conclusions
In this work, we have examined the opportunities stemming from the rotation of two tightly coupled HMTSs in terms of dispersion engineering and topological transitions, enabling the emergence of exciting moiré physics for surface plasmon propagation. At specific topological transition angles, which may be predicted with simple geometric considerations studying the hyperbolic properties of the individual metasurfaces, two nearly parallel dispersion curves can be induced, enabling broadband field canalization with low damping. By tuning the chemical potential of graphene, we may further control the band dispersion of a given moiré stack with powerful tunability opportunities, as further discussed in supplementary section 5. We have also outlined the potential for strong spin-orbit interactions and plasmonic spin-Hall effect in these stacks, again controlled by the rotation angle. Although we have focused on pairs of identical HMTSs, even more exotic features may emerge considering different HMTSs. Supplementary section 6 studies the tunability of the response as the coupling distance is changed. The features obtained in this study may be experimentally implemented stacking and twisting HMTSs, such as graphene nanoribbons or subwavelength silver gratings at visible frequencies 18 , double-layer nanostructured van der Waals materials 19 , black phosphorus 21 , or even natural hyperbolic materials.
The proposed moiré hyperbolic metasurfaces based on the rotation-angle-mediated interlayer
